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Abstract We presented the fractional zero curvature equation and generalized Hamiltonian
structure by using of the differential forms of fractional orders. Example of the fractional
AKNS soliton equation hierarchy and its Hamiltonian system are obtained.
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1 Introduction

The theory of integrals and derivatives of non-integer order goes back to Leibniz, Liouville,
Riemann, Grunwald, and Letnikov. Derivatives and integrals of fractional order [1, 2] have
found many applications in recent studies in physics. The interest in fractional analysis has
been growing continually during the past few years. Fractional analysis has numerous ap-
plications: kinetic theories [3, 4, 9], statistical mechanics [10, 11], dynamics in complex
media [12, 13], and many others [5-8]. In the past few decades many authors have pointed
out that fractional-order models are more appropriate than integer-order models for various
real materials. Fractional derivatives provide an excellent instrument for the description of
memory and hereditary properties of various materials and processes. This is the main ad-
vantage of fractional derivatives in comparison with classical integer-order models in which
such effects are, in fact, neglected. The advantages of fractional derivatives become appar-
ent in modeling mechanical and electrical properties of real materials, as well as in the
description of rheological properties of rocks, and in many other fields. How to obtain the
fractional soliton equation and its Hamiltonian structure is an important work. In this paper
we present the zero curvature equation and Hamiltonian structure of the fractional soliton
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equation hierarchy by using of differential forms and exterior derivatives of fractional orders
[14-16].

In Sect. 2, some information of the fractional differential forms is considered to fix no-
tation. In Sect. 3, the fractional zero curvature equation is presented. In Sect. 4, we consider
the Hamiltonian system. In Sect. 5, a fractional Hamilton system is constructed. We dis-
cuss an example of the fractional AKNS equation hierarchy and its Hamiltonian system in
Sect. 6.

2 Brief Review of Fractional Derivatives and Integrals

The derivatives of arbitrary real order p can be considered as an interpolation of this se-
quence of operators. We will use for it the notion suggested and used by Davis [17], namely

D7 (1), 1)

the short name for derivatives of arbitrary order is fractional derivatives.

The subscripts a and ¢ denote the two limits related to the operation of fractional differ-
entiation. Following Ross [18], we will call them the terminals of fractional differentiation.
The appearance of the terminals in the symbol of fractional is essential. This helps to avoid
ambiguities in applications of fractional derivatives to real problems. Integrals of arbitrary
order p > 0

m (k) _ +k
D;pf(l‘) — Z Sa)@ —a)? n
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k=0

the formula (2) immediately provides us with the asymptotic of ,D; ” f(¢) at t = 0. Deriva-
tives of arbitrary order

DIfO= lim [P0
h—o0,nh—t—a

f® ) (@ —a)y=rt*
F(—p+k+1) r(— p+k+1)

/ (t — " F O (e, (3)

k=0

the formula (3) has been obtained under the assumption that the derivatives f® () (k =
1,2,...,m + 1) are continuous in closed interval [a, t] and that m is an integer number
satisfying the condition m > p + 1. The smallest probable value for m is determined by the
inequality m < p <m + 1.

From the pure mathematical point of view of such a class of functions is narrow. How-
ever this class of functions is very important for applications. Because the character of the
majority of dynamical processes is smooth enough and does not allow discontinuities. Un-
derstanding this fact is important for the proper use of the methods of the fractional calculus
in applications, especially because of the fact the Riemann-Liouville definition

m+1
aDtpf(l)=<%) / (t—0)"Pf(t)dt (m<p=<m+1) )

provides an excellent opportunity to weaken the conditions on the function f(z).
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We will think how the Riemann-Liouville definition (4) appears as the result of the unifi-
cation of the notions of integer-order integration and differentiation. Let us suppose that the
function f(7) is continuous and integrable in every finite interval (a, t); the function f(z)
may have on integrable singularity of order r < 1 at the point Tt =a

lim(t —a)” f(¢t) = const(# 0).
T—a
Then the integral

= / f(v)dr

exists and has a finite value, namely equal to 0, as t — a.
In the general case we have the Cauchy formula

£ = ﬁ / = o (o). )

Let us now suppose that n > 1 is fixed and take integer £ > 0. Obviously, we will obtain
f7 ) = =D / (=0 f(o)dr,

£ ”(r)-mnk / (i — o f(D)de,

where the symbol D~ (k > 0) and D* (k > 0) denote k interacted differentiations.
To extend the notion if n-fold integration to non-integer values of n, we can start with the
Cauchy formula (5) and replace the integer n in it by areal p > 0,

aDZ”f(t)zﬁ / (t — 0" F(0)dr. ©

In (5) the integer n must satisfy the condition n > 1; the responding condition for p is weak;
for the existence of integral (6) we must have p > 0. Moreover, under certain reasonable
assumptions

lim D, 7 f(t) = f(¢). Q)
p—0

So we can put ,ID? f(@) = f(@). If f(z) is continuous for ¢ > a, the integration of arbitrary
real order defined by (6) has the follow important property

DD fO) =D (). ®)

Indeed, we have

D, ”(,D;9) f(r) = (g )/(t—f)‘i 1D f(r)dr

I N .
_F<p>r(q)/a(’ R / (1 =&)"" f(&)ds

_; ! ' _ —lee —1
_F(p)l"(q)[; f(é)déj;(t =) dr
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_ g\ptq-1 d
F(p+)f( EYPH £ 6V

=D f .
Obviously, we can interchange p and ¢, so we have
DD () =D WD) f(0) =D (). )

Let us consider some properties of the Riemann—-Liouville fractional derivatives. The
first and maybe the most important property of the Riemann-Liouville fractional derivative
isthat for p > 0and r > a

DYDY F(0) = (1), (10)
D, 7D/ f(1) # (), (11)
DD F(0) =D £ (1), (12)

which means that the Riemann-Liouville fractional differentiation operator is a left inverse
to the Riemann—Liouville fractional integration operation operator of the same order p.
The product rule is

oo

D/ (f(Ngt) = (’]’ ) D™ f()D]g(1). (13)

j=0

3 Fractional Zero Curvature Equation

Consider an isospectral Lax pair

D¢y =Uvy,
W=Uy (14)
=V,
where « is arbitrary real number.
From the compatibility condition D¢ D%y = DYD¢ v/, we have
e} o ) )
D?Di“wzz(j)DWD:w, (15)
j=0
DDy = Z( )D“ VDY, (16)
()
2 (;)prunly = Z( )Dm 'VDly. )
j=0 J
We choose the terms of j =0 and j = «, get the following forum
DU —D{V +[U,V]=0, (18)

it is called the fractional zero curvature equation. The nonlinear evolution hierarchy derived
from (14) are known as generalized integrable equation.
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We consider the following isospectral matrix spectral problem

¢ =U(u, )9,

Uy U, (19)

_M3A. ui ___=0! D?‘A:O,
aA aA

Uus u3k

U(u,k):( )=UOA+U1,

where A is a spectral parameter. Because Uy has multiple eigenvalues, To derive an associ-
ated soliton hierarchy, we first solve the adjoint equation

DIW =[U, W]

of the spectral problem (38) through the generalized Tu scheme [20]. We assume that a

solution W is given by
A B
w=(2 5. (0)

uA—uB —2)Lu3B—2u1A>

Then we have

2

. wi= (2Au;C +2uA wB—u)A

Take (19), (20) and (21) int the compatibility condition, i.e., the generalized zero curvature
equation

DIU —-DIW® +[U, W] =0, (22)

comparing the coefficient of the A in (22), leads to a system of evolution equation hierarchy

D2 u; —D¥B®™ —2u; AW =0,
! (23)

D2 uy —DIC™ + 2u, AM =0,
where
A B >° i iy I 10! .
wz<c _A>:ZWM (80 Bl )
k=0 k=0

which is the generalized fractional version of the new nonlinear equation hierarchy.

4 Hamiltonian System

In this section, some information of Hamiltonian systems is introduced. Let us consider the
symplectic space (R*",dp A dq). The regular coordinates of M = R* is x = (p, q) i.e.
@l x"M=(qh, ... q" p', ..., p") and p’ = x', ¢' = x"*, the symplectic structure is

wzzdp/\dq:dei Adg' :dei Adg"t (24)
i=1 i=1
Theorem «? satisfies a closed condition d w* =0, if and only if there exists

dw;; Jdw; dwy; o
TR TR 0 (£ #k). (25)
Xy ax; 0x;
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The Hamiltonian system that is defined by the equations

dg; _ 3H'(q,p)

dpi _9H'(q.p)
dt aq' N P

26
dt ap' (26)

’

which can be realized in the following form [4]. A Hamiltonian system (26) on the phase
space R* has the differential 1-form

oH oH
=———dp; -
A aq' pit ap!

dq' 27)
and satisfies a closed form df = 0, where d is the exterior derivative. The exterior derivative
for the phase space is defined as

) a
qi api

Here and later, we mean the sum on the repeated indices i and j from 1 to n.
In symplectic space (R¥,dp A dq), the Poisson bracket is defined as follows

" /OF 0H OdF 0H
{F,H}:Z(—.—.——. ) (29)

i=1

The Hamiltonian systems can be realized in the following form
pr={p’.H}Y. ¢’ ={q’.H). (30)
If the right-hand sides of (27) satisfy the involutive conditions for the phase space, which
have the following forms:
(H',H’}=0. (31
A Hamiltonian system (26) on the phase space R*" has the differential 1-form

oH oH
=———dp; .
p aq' it ap'

dq’ (32)

and it is an exact form B = dH, where d is the exterior derivative and H = H(q, p) is a
continuous differentiable unique function on the phase space.

5 Fractional Hamiltonian Systems

Fractional generalization of the differential form, which is used in the definition of the
Hamiltonian system, can be defined in the following form:

Bu = DS H(dp))® + D% H(dg,)". (33)

Let us consider the canonical coordinates (x!,...,x", x"*', ..., x*) = (¢',...,q", p',
.., p") in the phase space R?" and a Hamiltonian system that is defined by the equations

dq;

dt

dp;
dt

= D% H(q. p). —D¢ H(q. p). (34)
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The fractional generalization of Hamiltonian systems can be defined by using fractional
generalization of differential forms.

Definition 1 A Hamiltonian system (26) on the phase space R> is called a fractional
Hamiltonian system if it has the fractional differential 1-form

B = —D% H(dp)* + D H(dg))".
Definition 2 The fractional exterior derivative for the phase space R*" is defined as
d* = (dq)* DL, + (dp)“ DS, (35)

For example, the fractional exterior derivative of order o of g, with the initial point taken
to be zero and n =2, is given by

d*q" = (dq)"Dyq" + (dp)'Dyq". (36)
Using (8) and (36), we have the following relation for the fractional exterior derivative:

ar(k+1) k—a " k ,—a
T _ L @pLr__ 37)

o k
¢4 =) T I —a)

Definition 3 In symplectic space (R”",dp A dq), the fractional Poisson bracket is defined
as follows

{F,H}, = Dy, FD| H — D FD; H). (38)
Proposition 1 A Hamiltonian system (34) has a closed fractional form
d*Bu =0, (39)
where d* is the fractional exterior derivative.

Proof In the canonical coordinates (g, p), the vector fields that define the system have the
components (—D H, Dy H), which are sued in (33). The 1-form f, is defined by the equa-
tion

B = D% H(dp)® + D% H(dg)". (40)

The exterior derivative for this form can now be given by the relation

d*By = d*(=D% H(dp;)* + D2 H(dg)®). @1)
Using the rule
00 k
o o oa—k 0 8
D = D —
“(f8) k§:0j ( k) LEE

and the relation

ak
w([dx,-)“) =0 (k=1),
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we get that
A ) =3 e (@) Ay = A () e A
(A’ (dx)) )—;( w4y ) O A g @ = @ ada* (g ) ®F 40,
) (42)
Here, we use
a) (=D 'aT'(k — @)
k)]  rd—a)Ck+1’
Therefore, we have
d°p, = =D D% H(dq;)" Adp)® — D% D% H(dp;)* Aldp;)°
+D% D% H(dq;)* Aldg,)* + D D% H(dg,)* Adg))". 43)
This equation can be rewritten in an equivalent form
d“By = (=D} DS H' + D% DS H')(dg,)* Aldp))”
1 o Y j o T i o o
+ 5 (=D, D, HY + D D% HY)(dp)* Adp))
1 : .
+ E(DZ_;-DZ,- H'—D Dj H)(dq:)* A(dq;)*. (44)

Here, we use the Poisson bracket. It is obvious that the equation d* 8, = 0, i.e., B, is a closed
fractional form. O

Proposition 2 A Hamiltonian system (34) on the phase space R*" is a fractional Hamil-
tonian system that is defined by the Hamiltonian H = H(q, p) if the fractional differential
1-form

Bou=—D% H' (dp)* + D H' (dg;)

is an exact fractional form

Bo=d*H, (45)
where d“ is the fractional exterior derivative and H = H (q, p) is a continuous differentiable
function on the phase space.
Proof Suppose that the fractional differential 1-form S,, which is defined by (40), has the
form

Bu =d*H = (dp:)*D}, H + (dg;)*Dy H.

Therefore, the equations of motion for fractional Hamiltonian systems can be written in the
form

Wi _pey Wi _pey (46)
dt pi "’ dt qi

The fractional differential 1-form B, for the fractional Hamiltonian system with Hamiltonian

H can be written in the form S, = d* H. If the exact fractional differential 1-form B, is
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equal to zero (d* H = 0), then we can get the equation that defines the stationary states of
the Hamiltonian system. O

In the phase space R?" and a fractional Hamiltonian systems can be defined by the equa-

tions
. D¢ 0 H, H,
o ql Pi n n
D = =J . 47
! (Pz) < 0 —DZ[) <H11> (Hn> “7)

The fractional generalization of Hamiltonian system can be defined by the equations gener-
alization of differential forms [14].

A generalized Hamiltonian system (47) on the phase space R it called a fractional
Hamiltonian system if the fractional differential 1-form g, = —D H "(dpi)® +Dg H i(dg)*
is a closed fractional form d“ 8, = 0, where d“ is the fractional exterior derivative.

A central and very important subject in the theory of integrable system is to search for a
sequence of scalar functions { H,} such that (46) can be cast in the Hamiltonian form (47).
Equation (47) is the fractional form Hamiltonian structure of soliton equation hierarchy,
which is different from the result in [16].

6 The Generalized Fractional AKNS Equation Hierarchy and Hamiltonian System

To illustrate our method, we want to apply the fractional zero curvature equation to construct
the generalized fractional AKNS equation hierarchy. We consider the following matrix spec-
tral problem

¢ =U(u, V¢, U(u,k):( - A)’ D A =0, (48)

where A is a spectral parameter. The spectral problem (48) is called AKNS spectral prob-
lem [19].
To derive an associated soliton hierarchy, we first solve the adjoint equation

W, =[U, W] (49)

of the spectral problem (48) through the generalized Tu scheme [20]. We assume that a

solution W is given by
a b
W= (C —a) . (50)

Therefore, the adjoint (49) is equivalent to

a, =qc—rb,
{bx = —21b —2qa, (51
¢y =2Ac+2ra.

Let us seek a formal solution of the type

a b - S fa® p L,
W=<c _a)sz—(;Wkk =k2_(;(c<k) N Ea (52)
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then, the condition (51) becomes the following recursion relation:

a®=-1, p@=0, ©=0,
a® =0, b =gq, cD = r,
a(z) = %qr7 b(Z) = _%qxa C(z) = %rxv
Cl(3) = %(qr)xv b(a) = i(qxx - 2q2r)v C<3) = %(rxx - 2”2@» (53)
a®™ = qc(”) _ rb(”),
b D = 1" —2ga™),
¢t = 2™ —2ra™).
In the compatibility condition, i.e., the generalized zero curvature equation
DU —-DV® 4+ [U, V"] =0,
we choose
1 1
5qr —54x
W= (21 2 ) ) (54)
2 T4’
Then we have
1 1 2
297« + 59xT qr +)‘qx
[U,W]=<2 0 1 L) (55)
qr + Ary —39"x — 34xT

Comparing the coefficient of the A in (22), we obtain a system of evolution equations

D¢
o q _ xq
’”(”>_<Dﬁr >’ (56)
which is the generalized fractional version of the AKNS nonlinear equation hierarchy.
D g +3D%q: +q*r =0,
Dy 4o (57)
Dy r—3D%ry +qr-=0,

which is fractional Shrédinger equations. We obtained the Hamiltonian structure of the frac-

tional AKNS hierarchy (56)

H=—(qr), (58)
where the Hamiltonian operator J is defined by
0 3D
J= - . (59)
DY 0
If we choose
i(qr)x i(qxx - 242”)

Wi

(

i(qrxx - rQ)cX)
= 2r’q)A + 3r(gr)x

%(rxx - 27”26])
then we have

[U,wl]=<l

2 Txx

).

_%(qxx - 242”))~ - %‘I(Q”)A
%(rq,\'x _qrxx)

_i(qr)x

).
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Comparing the coefficient of the A in (22), we obtain a system of evolution equations

D¢ g — D% (qex — 29°r) — 3q(qr). =0,
DY r— %Dz(r” —2r2q) + %’"(ql’)x =0,

which are new fractional nonlinear equations.

Fractional derivatives and integrals have found many applications in recent studies in

physics. The interest in fractional analysis has been growing continually during the past
few years. Using the fractional derivatives and fractional differential forms, we consider the
fractional generalized Hamiltonian systems. In the general case, the fractional Hamiltonian
systems of AKNS equation hierarchy is obtained.
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